An extensive empirical literature documents a generally negative correlation, named the "leverage effect," between asset returns and changes of volatility. It is more challenging to establish such a return-volatility relationship for jumps in high-frequency data. We propose new nonparametric methods to assess and test for a discontinuous leverage effect -i.e. a relation between contemporaneous jumps in prices and volatility. The methods are robust to market microstructure noise and build on a newly developed price-jump localization and estimation procedure. Our empirical investigation of six years of transaction data from 320 NASDAQ firms displays no unconditional negative correlation between price and volatility cojumps. We show, however, that there is a strong relation between price-volatility cojumps if one conditions on the sign of price jumps and whether the price jumps are market-wide or idiosyncratic. Firms' volatility levels strongly explain the cross-section of discontinuous leverage while debt-to-equity ratios have no significant explanatory power.
Introduction
Understanding the relation between asset returns and volatility is among the most enduring and highly active research topics in finance. From an economic point of view, there seems to be a consensus that stock market returns and changes in volatility should be negatively correlated.
1 The linear, inverse return-volatility relationship is usually attributed to both changes in financial leverage and a time-varying risk premium; see Black (1976) , French et al. (1987) , Duffee (1995) , Bekaert and Wu (2000) and Bollerslev et al. (2006) .
The financial leverage explanation motivates labeling the purely statistical relation between stock returns and volatility as the "leverage effect."
Estimation of the leverage effect is challenging. Aït-Sahalia et al. (2013) document that the leverage effect fades out when using data sampled at increasing observation frequencies. † The views expressed are those of the individual authors and do not necessarily reflect official positions of the Federal Reserve Bank of St. Louis, the Federal Reserve System, or the Board of Governors. 1 Some papers define the leverage effect as the correlation between returns and the level of volatility. Duffee (1995) discusses the relation between the two definitions.
In the framework of the Heston model, they show that discretization errors, volatility estimates and market microstructure noise bias the naïve return-volatility correlation estimator towards zero. Recent research has tried hard to establish the leverage effect for intraday data.
If the asset price and volatility processes have both Brownian and jump components, then the relation between returns and volatility splits into continuous and discontinuous parts. Continuous leverage refers to the relation between the Brownian components of the price and volatility processes. Vetter (2012) , Wang and Mykland (2014) , and Kalnina and Xiu (2017) study measures of continuous leverage. These papers document a negative and usually time-varying continuous leverage effect. The discontinuous leverage effect (DLE) measures the relation between sizes of contemporaneous price and volatility jumps. Bandi and Renò (2016) highlight the crucial importance of both leverage components for asset pricing and risk management. Specifically, they show how a pricevolatility cojump covariation affects return and variance risk premia. Their model estimates suggest that discontinuous leverage explains about 25% of the S&P 500 return risk premium.
This economically sizable proportion depends on the frequency of price-volatility cojumps, as well as the sign and magnitude of the covariation.
The existence of the DLE appears controversial, however. Several previous studies and only use methods that are not robust to market microstructure noise.
Our paper makes both methodological and empirical contributions. We introduce novel methods to estimate and test the covariation of contemporaneous price and volatility jumpsdenoted by as the DLE. A direct extension of our covariation estimator consistently estimates the corresponding correlation. Aït-Sahalia et al. (2017) derive a limit theorem for the DLE estimator that only applies to a setting without market microstructure noise. Christensen et al. (2014) point out, however, that it is important to use noise-robust methods and thereby to avoid downsampling the data to lower observation frequencies. Downsampling may result in spurious jump detection and affect the accuracy of discontinuous leverage estimates. Using noise-robust estimators for jumps in log prices and volatility, we establish a stable central limit theorem under market microstructure noise for the DLE for finite activity price jumps or large jumps of an infinite activity jump component.
We provide a consistent, asymptotic test for the presence of the DLE.
We estimate the covariation using only the physical measure, i.e., observed stock prices.
DLE estimation requires three steps: price-jump localization, price-jump estimation and estimation of changes in the spot volatility process at price-jump times. Under noise, none of the three steps is standard. We use spectral methods in all three steps. Reiß (2011) introduces spectral estimation of the quadratic variation from noisy observations. Bibinger et al. (2014) and Altmeyer and Bibinger (2015) establish the asymptotic efficiency of spectral estimators of the integrated volatility matrix in the multivariate case with noisy and nonsynchronous observations. Bibinger et al. (2017) propose a related spot volatility estimator.
Although spectral and the popular pre-average estimators have some similarities, they belong to different classes of estimators; see Remark 1 of Bibinger and Winkelmann (2016) . Our theoretical contribution is to provide methods to detect and estimate price jumps and to combine the three steps to infer the DLE.
To detect price-jump times, we refine the adaptive thresholding approach of Bibinger and Winkelmann (2015) . We construct an argmax-estimator, such as is often used in changepoint analysis. This refinement of the jump localization is motivated by the fact that estimation of price jumps becomes more difficult in cases where the jump times are not precisely determined. See Vetter (2014) for a related problem. To estimate the pricejump size at a detected jump time, we first review the pre-average method of Lee and Mykland (2012) that extends the Lee and Mykland (2008) approach to a model with market microstructure noise. While Lee and Mykland (2012) mainly focus on a global test for jumps, we focus on local jump estimates. We generalize their stable central limit theorem from a jump diffusion to more general semimartingale models. Estimating the entire quadratic variation with jumps or testing for jumps over a whole day are related yet different problems. Jacod et al. (2010) and Koike (2017) have developed rate-optimal consistent pre-average estimators for the quadratic variation and Bibinger and Winkelmann (2015) provide spectral estimators for this purpose. While these methods do not recover individual price jumps, the Lee and Mykland (2012) method utilizes natural local average statistics to address inference on price jumps under noise. The pre-average method attains the optimal rate of convergence for local price-jump estimation. As one ingredient of the price-jump localization, we exploit the simple structure of these pre-average statistics that permits an asymptotic theory based on Gaussian approximations. Using spectral local statistics for price-jump estimation, we derive a superior estimator with a smaller variance than the pre-average estimator. The asymptotic variance of the spectral estimator attains the asymptotic lower bound. Thus, we provide the first feasible, asymptotically efficient estimator of price jumps from noisy observations. To estimate changes in the spot volatility at a price-jump time, we employ the jump-robust techniques of Bibinger and Winkelmann (2016) . Finally, we plug the price-jump and volatility-jump estimates into the DLE statistic of .
Our methods provide new empirical evidence about the DLE for 320 individual stocks, which were actively traded at the NASDAQ stock exchange from 2010 to 2015. We find no prevalent evidence of an unconditional DLE in individual stock data, but we identify two forces that prevent significant unconditional discontinuous leverage estimates: First, while downward price jumps are usually negatively correlated with contemporaneous volatility jumps, upward price jumps are positively correlated with contemporaneous volatility jumps.
Second, market jumps, i.e. price jumps that coincide with jumps of a market portfolio, display a strong DLE. In contrast, idiosyncratic price jumps, which occur without a contemporaneous jump of the market portfolio, are associated with a much weaker DLE. We establish an economically and statistically significant relation between cojumps in stock prices and volatility by conditioning on the sign of price jumps and whether those jumps are systematic or idiosyncratic. Apart from the sign of the DLE, we investigate its magnitude in crosssectional regressions. We show that firms' debt-to-equity ratios do not explain much of the cross-section of DLE estimates or the correlations of price-volatility cojumps. In contrast, the volatility levels of individual firms strongly explain the magnitude of DLE estimates.
Our failure to find an unconditionally negative DLE is consistent with the asset pricing models of Pástor and Veronesi (2012, 2013) in which specific events trigger jumps. That is, the continuous leverage effect and the DLE are fundamentally different in that model.
Their learning model implies that changes in monetary or government policy trigger marketwide price and volatility cojumps, where the uncertainty about the impact of a new policy regime on the profitability of private firms always raises volatility, regardless of the effect on prices. News that causes asset prices to jump up while causing volatility to jump down is incompatible with their model. Our results are also consistent with Pelger (2017), who studies systematic and nonsystematic risk factors in S&P500 high-frequency firm data. That is, we confirm that the DLE appears predominantly for systematic risk, while being weaker and more often nonsignificant for idiosyncratic risk.
The rest of the paper is organized as follows. Section 2 introduces the model and assumptions. Section 3 presents the price-jump estimators, spot volatility estimation and the DLE estimator. We compare the spectral approach for price jumps with the Lee and Mykland (2012) pre-average estimator. Section 4 provides Monte Carlo evidence and Section 5 the empirical findings. Section 6 concludes. The Appendix contains the proofs.
Statistical model and assumptions
We work with a very general class of continuous-time processes, namely Itô semimartingales. Its implicit no-arbitrage properties make it the most popular model for log-price processes in financial econometrics. The model is formulated for a log price, X t , and its volatility, σ t , over a fixed time period t ∈ [0, 1], on some filtered probability space (Ω, F, (F t ), P):
with a standard Brownian motion (W s ), the jump size function δ, defined on Ω × R + × R, and the Poisson random measure µ, which is compensated by ν(ds, dz) = λ(dz) ⊗ ds with a σ-finite measure λ. We write ∆X t = X t − X t− with X t− = lim s<t,s→t X s for the process of jumps in (X t ) and ∆σ
t− for jumps of the squared volatility. Our notation follows that of Jacod and Protter (2012) . We impose mild regularity assumptions on the characteristics of X t . Assumption 1. The drift (b t ) t≥0 is a locally bounded process. The volatility never vanishes,
some α > 1/2 and for a sequence of stopping times T n , increasing to ∞, we have that
E sup
Assumption 1 requires some smoothness of the volatility process. It does not exclude volatility jumps, only fixed times of discontinuity are excluded. We impose the following regularity condition on the jumps.
Assumption 2. Assume for the predictable function
locally bounded with a non-negative, deterministic function γ that satisfies
The index r, 0 ≤ r ≤ 2, in (4) measures the jump activity. Smaller values of r make Assumption 2 more restrictive. In particular, r = 0 results in finite-activity jumps and r = 1 implies that jumps are summable. In practice, one cannot observe the efficient price (1) directly and one must account for market microstructure noise in analyzing price and volatility jumps. To efficiently exploit available high-frequency prices, we posit a latent discrete observation model with noise:
Remark 1. Assumption 1 is satisfied in a very general model, where the volatility process σ t is an Itô semimartingale
where t captures the market microstructure noise. We use the typical notation, ∆
. . , n, for noisy returns and analogous notation for the processes (X t ) and ( t ). In our baseline setup, market microstructure noise is a white noise process ( t ) t≥0 , independent of X t , with E[ t ] = 0 and E[
The process Y t is accommodated on the product space (Ω, G, (G t ),P), where
contains information about the signal and noise. Below we extend the model to more general setups with serially correlated, heteroscedastic noise. Because we apply our methods to locally infer price and volatility jumps of individual stock prices, non-synchronicity of the multivariate data is of less importance here.
Inference on the discontinuous leverage effect
The DLE is defined as the covariation of contemporaneous price and volatility jumps.
We estimate it in three steps. We first address noise-robust estimation of price jumps in Section 3.1, then we turn to noise-robust estimation of spot-volatility changes in Section 3.2. In Section 3.3, we show how to detect a priori unknown jump times in noisy data and how to refine price-jump estimation for DLE estimation in this case. The covariation of the price-jump and spot-volatility estimates at detected jump times gives the estimated DLE.
Price-jump estimation

Local jump estimator and test using pre-averaged log prices
Consider the statistic
at a (stopping) time τ ∈ (0, 1) and with pre-processed price estimateŝ Lee and Mykland (2012) propose a test for price jumps at time τ based on (7). The window length for the pre-averaging is M n = c √ n with a proportionality constant c. The following proposition generalizes Lemma 1 in Lee and Mykland (2012) , where the authors assume that they observe discrete, noisy observations from a jump-diffusion model. 
as n → ∞, where M N stands for mixed normal.
Thus, in case of a price jump at τ , (7) consistently estimates the price-jump size. Proposition 3.1 facilitates a consistent test for a jump in the stock price at time point τ ∈ (0, 1).
Local jump estimator and test using spectral statistics
To estimate price jumps using spectral statistics, we consider an orthogonal system of sine functions that are localized on a window around τ :
Asymptotically efficient volatility estimation from noisy observations (6) motivates consideration of local averages of noisy log prices in the frequency domain; see Reiß (2011) and Bibinger et al. (2014) . Intuitively, spectral statistics,
maximize the local information load about the signal process and thereby allow for local estimates of the efficient prices: X τ and X τ − . The scaling factor in front of the sine in (10) ensures that
We propose the following statistic:
with weights (a 2j−1 ) j≥1 , to infer price jumps. (12) is a rescaled weighted sum of spectral statistics over odd spectral frequencies up to some spectral cut-off frequency 2J n −1. Excluding even frequencies and alternating the signs of addends facilitate a consistent estimation of price jumps ∆X τ , as in (9) above.
The window length is set to be h n = κ log (n)/ √ n for some constant κ. Despite the logarithmic factor, the window length resembles the one in (8). We derive optimal oracle weights by minimizing the variance, which depend on time through the volatility σ t . Yet, under Assumption 1, the error of approximating (σ 2 t ) constant on [τ − h n /2, τ ) and [τ, τ + h n /2] is asymptotically negligible. Then, as in the weighted least squares approach, this leads to optimal weights
In order to consistently estimate the jump (X τ − X τ − ), we set Jn j=1 a 2j−1 = 1 such that
For an adaptive method, we estimate these oracle optimal weights by plugging in the esti-mated noise variance,η
and the pre-estimated spot squared volatility,
with r −1 n = Rn 1/4 for a constant R, a threshold sequence u n = h n , 0 < < 1, and maximal spectral frequency, J p , leading to the above rate-optimal estimators under Assumptions 1 and 2 with r < 3/2. The notation S 2 j (τ − kh n ) refers to squared spectral statistics computed from r −1 n bins with sine functions centered around times, τ − kh n , before τ .σ 2 τ,pil is the analog of (14b), replacing τ − kh n by τ + kh n . Bibinger and Winkelmann (2016) detail the construction and prove the asymptotic properties of pre-estimators (14a) and (14b) and also suggest how to choose R and J p . 
In the case of no volatility jump at τ , σ τ = σ τ − and the asymptotic variance is 2σ τ η. Finally, we extend Proposition 3.2 to a more realistic model that incorporates serially correlated, heteroscedastic noise and non-regular sampling.
Assumption 3. Assume the existence of a differentiable, cumulative distribution function
F that determines the observation times via a quantile transformation, t
The noise process ( t ) is independent of X. For all t, we have
for u > R and some R < ∞, then the long-run variance process converges as follows: 
In analogy to Proposition 3.1, Propositions 3.2 and 3.3 show the consistency of the spectral jump estimator and give a consistent test for a price jump at time τ . One can construct standardized, feasible versions of (15) and (18) by inserting spot squared volatility and long-run noise variance estimators. See (14a) and Bibinger et al. (2017) for such estimators.
In fact, the pre-estimation of optimal weights also provides estimates of the variances of (12). The asymptotic variance of the Lee-Mykland statistic in (9) generalizes to (1/3)(σ
2 τ under the conditions from Proposition 3.3. Lee and Mykland (2012) provide a generalization to R-dependent noise using sub-sampling, and this directly applies to our general setup with Assumption 3. The spectral price-jump estimator (12) and the preaverage jump estimator (7) have the same optimal convergence rate and similar asymptotic properties. We caution, however, that estimates via spectral statistics (12) and pre-averages (7) are biased when a jump is not located close to time τ but instead close to the edges of the local window. Figure 1 illustrates this. The bias for the Lee-Mykland estimator is linear. This effect directly relates to the so-called "pulverisation" of jumps by pre-averages described in Mykland and Zhang (2016) . For our statistic, the bias hinges on the weights and the spectral cut-off. The lower panel of Figure 1 reveals that the bias is similar for both methods. The bias becomes important when studying price jumps at a priori unknown times, such as when one is estimating the DLE. Section 3.3 discusses our solution. Related problems by not knowing the exact timing of jumps arise and have been addressed in different ways in Vetter (2014) and Bibinger and Winkelmann (2015) . 
Remark
h n /2 (top) and, with oracle optimal weights a 2j−1 from the simulation setup in Section 3.4.2, J j=1 a 2j−1 (−1) j+1 Φ 2j−1,τ (t) h n /2 (bottom) as functions of time t for three values of J on window [τ − h n /2, τ + h n /2], τ = 0.5, h n = 0.2. The plots demonstrates that if a jump occurs on the interval, and not sufficiently close to τ , the estimation of ∆X τ becomes biased for the actual jump. 
h n /2 (top) and, with oracle optimal weights a 2j−1 from the simulation setup in Section 3.4.2,
The plots demonstrates that if a jump occurs on the interval, and not sufficiently close to τ , the estimation of ∆X τ becomes biased for the actual jump. 
hn/2 (top) and, with oracle optimal weights a 2j−1 from the simulation setup in Section 4,
2. The plots demonstrate that if a jump occurs on the interval, and not sufficiently close to τ , the estimation of ∆Xτ becomes biased for the actual jump.
Spot volatility estimation
We estimate the contemporaneous volatility adjustment to a price jump at time τ ∈ (0, 1).
We employ the spectral spot squared volatility estimators of Bibinger and Winkelmann (2016) , smoothed over local windows before τ and after τ , to consistently estimate the volatilities σ 2 τ and σ 2 τ − . Based on estimates of the oracle optimal weights
inserting spot squared volatility and noise variance estimators, with
the spectral estimator of the spot squared volatility at time τ − iŝ
To estimate the noise variance η 2 and pre-estimate the spot squared volatility in (19), we use (14a) and (14b), respectively. To obtain (20), we adapt
Analogously toσ
The theory by Bibinger and Winkelmann (2016) renders the following result:
Corollary 3.4. Under Assumptions 1 and 2 with r < 3/2 for equidistant observations, 
for all
with from the truncation sequence u n , such that we come arbitrarily close to the optimal rate n 1/8 in (22).
Theorem 10.30 of Aït-Sahalia and Jacod (2014) (27) in Bibinger and Winkelmann (2016) gives an efficient test. For non-equidistant observations, the noise level in (22) 
to (18) for price jumps.
Discontinuous leverage effect
This section introduces a covariation measure for contemporaneous price and volatility jumps that combines the above spectral jump and volatility estimators. Our covariation measure is related to that of who introduce the following as the tail discontinuous leverage effect in their equation (2.7):
Based on our local methods and setting T = 1, we consider the DLE estimator
where ∆Xτ k is the estimated log-price jump (12) andσ
are the spot volatility estimates (21). Only finitely many addends with (large) price jumps in (25) are non-zero.
(25) makes it apparent that we need to detect these unknown price-jump times to estimate the DLE. With a fixed a > 0, or with a = 0 in case of finite activity jumps, we first use a thresholding procedure to locate bins ((k − 1)h n , kh n ) that contain a (large) price jump. We apply a bin-wise threshold, u n (kh n ) = 2 log(h
, with pre-estimated squared volatility, as defined in (14b). The moving threshold accounts for intraday volatility patterns.
To estimate changes in the quadratic variation, ∆ k [X, X], on bins with a price jump, we adapt the statistics from Section 3.1.3 of Bibinger and Winkelmann (2015) and define
by summing over the set J n of odd numbers up to the cut-off J n and with spectral statistics
This adjustment of (20) allows for unbiased estimation of the increase in the jump variation on bins with jumps. Due to the overlapping nature of shifted bins and the maximum operator in (26), a jump on a bin also affects a neighboring bin. The weighting of a jump on a neighboring bin is always smaller, however, than the weighting on the bin containing the jump. Thus, the increment in jump variation on a bin containing a jump is estimated by
The thresholding procedure detects asymptotically small bins with jumps. However, following Bibinger and Winkelmann (2015) , these bin-widths decay with order n −1/2 and are of the same sizes as the bins in which the price-jump estimation is conducted. To solve the bias problem in price-jump estimation at unknown times, we determine a price-jump time τ more precisely and discuss how to apply our price-jump statistic, (12). While we can directly estimate volatility jumps from (21), we need to adjust the price-jump estimation to obtain an overall consistent estimator of the DLE.
To determine the jump time,τ ∈ ((k − 1)h n , kh n ), on a bin with
more precisely, we partition this bin into R n sub-intervals of lengths (r n +l n )/n with (r n +l n ) an even integer. The jump window (t from the left and right towards the center. We identify a jump window by comparing R n pre-average jump estimatorṡ
with the statistics from (7), averaging over (r n + l n )/2 √ n instead of M n observations. The final jump-size estimator is denoted by ∆Xτ .
some δ > 0, the adjusted price-jump estimation using ∆Xτ with
withι defined in (28), satisfies (18) in Proposition 3.3.
While (r n + l n ) is set by the econometrician, the two summands l n and r n are unknown and depend on the true value of τ . Proposition 3.5 establishes asymptotically efficient price-jump estimation under noise, even if the jump time τ is unknown.
Analogously, the Lee-Mykland statistic (7) can be adjusted for the unknown time point, τ , in the jump window (t 
with β as in (23 
where the (1 − α/2) quantile of the standard normal law is denoted by q 1−α/2 .
One loses no generality by imposing the scaling T = 1; any fixed T ∈ R + can be considered.
The condition that the Lévy measure µ does not have an atom in a is analogous to (10.76) in Aït-Sahalia and Jacod (2014). There are only atoms in at most countably many values.
According to Aït-Sahalia and Jacod (2014), the condition holds for any a > 0 as soon as µ has a density. This applies to all models used in finance with infinite jump activity.
Proposition 3.7. Under Assumptions 1, 2 and 3 and under the specific case of finite jump activity, r = 0 in Assumption 2, the estimator for the DLE,
together with β as in (23) and < 1+δ/2−1/4 2+δ/2 satisfies the feasible central limit theorem,
The upper bound on relates to Assumption 3 and the existence of higher moments of t .
If all moments of the noise exist, the bound imposes no condition on the truncation. For δ → 0 in Assumption 3, < 3/8 leads to more conservative thresholds. Since r = 0 in (23), we also derive the optimal rate in this case. Although we conjecture that this upper bound on is not needed, it simplifies the proof considerably.
Proposition 3.6 follows from combining our results on jump localization, the estimation of price jumps at detected jump times and from results of Corollary 3.4 about volatility jump estimation. However, the proof cannot be extended in a similar way to the case r = 0 and a = 0 when considering infinitely many small price jumps. It is unknown if an asymptotic distribution theory is possible in this general case. Propositions 3.6 and 3.7 give us exactly the statistics we require to apply in our data study, however. In addition to the DLE of , the leverage effect is also often defined in terms of a correlation statistic. To gain further insights across individual firms in the empirical Section 5, we follow Jacod et al. (2017) and consider a scaled measure of the DLE:
that is, the correlation between contemporaneous price and volatility jumps. We may use a = 0 in case of finite activity jumps, r = 0 in Assumption 2. Note that (33) is a path-wise defined, integrated measure. (33) is a scalar parameter only under the restriction to timehomogeneous jump measures. Using Propositions 3.6 and 3.7, and setting T = 1, we obtain the following result:
Corollary 3.8. Under all conditions from Proposition 3.6 and with
we derive a consistent estimator of (33) with
with β as in (23). Analogously, in the setup of Proposition 3.7, we obtain the same result for a = 0.
Simulations
This section reports the results of simulation studies of the finite-sample properties of the price-jump estimators, the corresponding price-jump tests and the discontinuous leverage statistics. The simulation study in Bibinger and Winkelmann (2016) evaluates the finitesample inference on volatility jumps.
This simulation study emulates that of Lee and Mykland (2012) . Although their theory only applies to the jump-diffusion setup, they simulate a more complex and realistic model, including stochastic volatility and time-varying noise. The efficient price follows
with Heston-type stochastic volatility,
where B and W are two independent standard Brownian motions. We adopt the parameter values of Lee and Mykland (2012) in (36) and assume 252 trading days per year and 6.5
trading hours a day. The model for the market microstructure noise is
with (U i ) 0≤i≤n being a sequence of normally distributed random variables with mean 0 and variance q 2 . We consider two parameterizations of q, which governs the noise level (market quality parameter). The cross-correlation between X and noise violates one of our theoretical assumptions, but we expect no degradation in the performance of our approach.
We estimate q in the presence of serial correlation with the noise estimator suggested in Proposition 1 of Lee and Mykland (2012) .
We implement the self-scaling adaptive version of (12) with pre-estimated optimal weights.
The caption of Table 1 gives values of h n . The pre-averaging for the Lee-Mykland statistics (7) refers to a block-size, M n = c n/k, where k denotes the order of serial correlation in the simulated noise. The constant c is chosen according to Table 5 of Lee and Mykland (2012) .
Evaluation of the pre-average and spectral tests to infer price jumps Lee and Mykland (2012) compare the performance of the noise-robust local jump tests in Lee and Mykland (2012) to those in Lee and Mykland (2008) , which are not designed to be robust to noise. We replicate this simulation study and compare the finite-sample performances of the statistics defined in (7) and (12). Considering the power of the tests associated with Proposition 3.1 (Lee-Mykland) and Proposition 3.2 (our spectral method) allows us to compare our results to those in Table 4 of Lee and Mykland (2012) . Realizations
are generated for one trading hour using time resolutions of 1, 2 and 3 seconds, respectively (n = 3600, 1800, 1200). The jump size in τ is related to the noise level q, i.e., ∆X τ = 0 under the hypothesis and ∆X τ = q, 2q, 3q under the alternative. M n is doubled compared to the constant adopted from Lee and Mykland (2012), which led to higher power. The windows used for the spectral method are much larger than the values M n /n for the Lee-Mykland statistics. At first glance it might seem surprising that the power in Table 1 increases for larger noise. This is not, however, because of large noise that makes precise testing and estimation more difficult, but because the jump sizes increase along with q. Large jumps naturally lead to better testing results. The size of both tests on the hypothesis appears to be accurate. The new spectral test (10) attains a considerably better power in all cases. (7) and (12), from 6000 iterations for each configuration, exceeding the 0.05-quantile of the standard normal. "LM" marks the Lee-Mykland test and "BNW" our proposed spectral test. We simulated from the model given by (35), (36) and (37). In parentheses ( ) * , we report the values from Table 4 in Lee and Mykland (2012) of their analogous simulation study. According to Table 5 in Lee and Mykland (2012), we used constants c = 1/19 for q = 0.0005 and c = 1/9 for q = 0.005 to determine Mn in (7) (for ∆Xτ = 2q, 3q and q = 0.005, we doubled Mn, which increased the power). For (12), we used hn = κ log (n)/ √ n with κ ≈ 5/12 for q = .0005 and κ ≈ 2/3 for q = .005.
Evaluation of the pre-average and spectral estimators for price-jump sizes
In the same setup, we compare the performance of the jump-size estimators. Table 2 confirms that, in all configurations, with the same optimal parameter choice as above, our spectral estimator attains a smaller root mean square error (RMSE) than the Lee-Mykland estimator.
Efficiency gains are most relevant for the configuration with moderate noise and the smallest jump size. In this setup, our new estimator has a RMSE that is almost 50% smaller for n = 3600. For large noise and jump size q, our new estimator reduces the RMSE by 20%. These significant improvements of estimation accuracy are particularly relevant because the moderate noise setting is realistic for current high-frequency data. Figure 2 demonstrates the finite-sample accuracy of the normal limit laws in (15) and (9). The empirical distributions closely approximate their normal asymptotic limit.
Evaluation of the discontinuous leverage estimator
We modify the simulation setup by adding one jump at a random time to the volatility in (36). The volatility jump size is set to the median value from the empirical sample described in Table 3 . To create discontinuous leverage, we implement a contemporaneous downward price jump of 0.2%, which is comparable to the sizes in Figure 4 . Using a rather large price jump and average volatility jump-size allows us to study the finite-sample accuracy of the result (30) . We can analyze the DLE estimator (25) because thresholding reliably detects such jumps. We simulate one trading day with observation frequencies of 1, 2 and 3 seconds, (1800) 10.0 9.4 10.2 9.5 10.6 9.5 1 sec (3600) 5.6 4.5 5.9 4.6 6.4 4.6
The table lists the root mean square errors, rescaled by 10 4 , of the estimators (7) and (12), from 6000 iterations for each configuration under the alternative when price jumps are present. "LM" marks the Lee-Mykland estimator and "BNW" our proposed estimator. We simulated from the model given by (35), (36) and (37). Tuning parameters are reported in Table 1. frequencies that generate 23400, 11700 and 7800 observations, respectively, over the day.
We estimate the DLE in a model with moderate microstructure noise. We first estimate spectral statistics over a partition of the whole day, identifying price jumps by thresholding.
Next, we estimate the squared volatility before and after the jump by local averages of the bin-wise, parametric estimates over 8 bins. Then, we estimate the local jump size using (12) and implement the refinement from Section 3.3 for unknown jump times. We partition the bin with the detected jump in R = 6 equidistant sub-intervals and apply the adjusted jump size estimation using (28). The window sizes for the first step and the price-jump estimation are equal: we use h −1 = 100 for 1-second frequency and h −1 = 50 for the two smaller frequencies. The spectral cut-off frequency is set to J = 30 in all cases. Estimates are reasonably robust to different values of h and J.
For the fixed, true value -2.324 of the DLE (24), 3 we obtain these estimates: 
The discontinuous leverage effect in stock prices
This section presents results of applying the spectral methods of Section 3 to stock price data. We first introduce the dataset and discuss how to estimate price and volatility jumps on these data. Second, we investigate the DLE, i.e., a covariation measure, and the correlations of price and volatility cojumps. Finally, we explain the cross-sectional variation in the DLE and correlation estimates across firms.
Price and volatility cojumps
We use NASDAQ order book data from the LOBSTER database. Initially, we pick the 30 stocks with the largest market capitalizations from each of the 12 NASDAQ industries for a total of 12 * 30 = 360 stocks. 
. We detect price jumps by applying the adaptive threshold, u
k,pil , to bin-wise quadratic variation estimates (27). It is well-known that the number of detected price jumps depends on the thresholding procedure in the sense that a lower threshold usually increases the number of detected small price jumps.
7 We find that relatively small volatility changes at price-jump time points strongly influence the DLE estimates. For that reason, we apply the test for volatility jumps, as proposed by Bibinger and Winkelmann (2016) , to focus on price jumps with significant contemporaneous volatility jumps. 8 The tests for volatility analysis. We also need a strategy to deal with situations when price jumps occur with less than two hours in between. However, for the current example this turned out to be of minor relevance as we do not find many days where this is the case. We propose to group several succeeding jumps together and analyze if one volatility jump has occurred by looking at windows left and right of the series of jumps. Table 2 reports the rejection rates for the 5% and 10% significance levels. Results indicate that on a 5% significance level 36% (INTC) up to 75% (AAPL) of jumps in prices are accompanied by jumps in volatility. For Amazon we find 14 price-volatility jumps with respect to the 5% and identically with respect to the 10% significance level. In comparison with detected price jumps, it appears that the rejection rate decreases in the percentage of price jumps. This leads to relatively stable frequencies of price volatility co-jumps over time across the considered stocks. Referring again to the 5% significance level, the Apple stock price displays with around 6% of the trading days the lowest frequency of common price and volatility jumps. With around 17% of trading days Intel has the largest number jumps reduce the influence of the price-jump-detection threshold on the DLE estimates.
For price-jump estimation, we partition jump bins into R = 6 sub-intervals and center (12) around the cut-out return obtained via (28).
9 The number of frequencies studied on each bin is J (d,s) = 5 log(n (d,s) ). We average the truncated spectral statistics over That is, the variability of the stock price appears in both cases much smaller before the price jump than afterwards. This apparent jump in volatility is not directly determined by the price jump mechanically feeding through to higher volatility. Indeed estimated changes in volatility only use log-price information from bins that neighbor the price-jump bin. The increase in spot volatility evaluated approximately 30 minutes before and after the price jumps is 184% (left panel of Figure 4 ) and 163% (right panel of Figure 4 ). Note that the strong upward jumps in both the price and volatility processes, in the left panel of Figure   4 , is not consistent with the negative price-volatility cojump correlation in high-frequency data that Bandi and Renò (2016) report for S&P 500 futures.
To get deeper insights about price and volatility cojumps, Table 3 shows summary statistics for detected cojumps and quantiles of the respective jump distributions. Panel A of Table The price-jump detection method proposed in Section 3.3 finds market jumps on 8% of the days in the sample. We define idiosyncratic jumps as discontinuities where the index displays no contemporaneous market jump.
The top row of Panel A of Table 3 shows that the Apple Inc. stock price displays 209 contemporaneous price-volatility cojumps, with more downward price jumps (126 or 60%) than upward price jumps (83 or 40%). Panel B of Table 3 shows that the average number of price-volatility cojumps in the six-year sample across all individual stocks is 73.8. Columns three to five and six to eight of Table 3 show the quantiles of the price-jump and volatilityjump distributions. They indicate that idiosyncratic jumps are smaller than market jumps. The magnitude of price jumps is in line with the sizes of -0.15 to 0.18% reported by Lee and Mykland (2012) for the IBM stock in 2007.
The magnitude of volatility jumps is striking. The 0.75 empirical quantile of the volatilityjump distribution of the Apple Inc. stock for negative market price jumps is about 505%.
That is, volatility frequently jumps to more than five times its pre-jump size when prices jump down. The analogous 0.75 quantile for volatility jumps, conditional on a negative market price jump, averaged across all firms is 445%. Scheduled news announcements are known to reduce trading and volatility right before the announcement but portend a strong response afterwards, which is manifested in large volatility jumps. The rows labeled "market," in Panel B of Table 3 , show that volatility jumps are usually positive for both positive and negative price jumps. Overall, the volatility-jump distribution is right-skewed, indicating the important role of upward jumps in volatility.
The discontinuous leverage effect
This subsection characterizes the DLE of contemporaneous price and volatility jumps. Given that it is difficult to reject the hypothesis of no DLE, the question arises if we should expect the discontinuous relation to be similar to that of the continuous leverage.
As discovered by Lahaye et al. (2011) , specific events cause large jumps and those jumps are relatively rare. Volatility jumps are very large on impact, but the level of volatility often subsequently decays quickly in the direction of a pre-event level. The impact of news potentially drives common price and volatility jumps, as described by Pástor and Veronesi (2012, 2013) . We conjecture that such news effects usually trigger upward jumps in volatility, regardless of the effect on prices, and thus produce a positive (negative) correlation of volatility jumps with contemporaneous upward (downward) price jumps. To investigate this 
The rejection rate indicates the percentage of firms having a significant DLE. We control the overall significance at level α = 0.1 with the step-up procedure of Benjamini and Hochberg (1995) . DLE quantiles refer to a firm's average DLE, rescaled by ×10 7 . The empirical quantiles contain all DLE estimates and correlation coefficients Corr(∆X, ∆σ 2 ) across firms.
response pattern, we condition the DLE estimates on the signs of the price jumps.
Rows 2 and 5 of Table 4 show the outcomes of the DLE test (30) conditional on upward and downward price jumps, respectively. We focus on stocks with more than 10 pricevolatility cojumps and exclude jumps larger than six standard deviations, which leaves us with 307 firms. Quantiles of the DLE estimates and correlations indicate that the DLE is negative for downward price jumps and positive for upward price jumps. That is, the leverage statistic quantiles are uniformly positive (negative) for positive (negative) price jumps. Row 2 of Table 4 shows that 65% of the firms display a significant DLE if prices jump up. Similarly, row 5 of Table 4 shows that 63% of the firms have a statistically significant DLE for negative price jumps. The positive (negative) relation between positive (negative) price jumps and contemporaneous volatility jumps is also visible in the scatter plot in Figure 5 .
In addition to conditioning on the sign of the price jump, we consider the fact that standard asset pricing models price different sources of risk differently. Systematic jumps are often related to macroeconomic news announcements and trigger cojumps across a large fraction of all firms while firm-specific jumps likely reflect idiosyncratic risk.
Conditioning on whether price jumps are market-wide or idiosyncratic reveals a strong conditional relation between discontinuities in prices and volatility (see rows 3 and 6 of Table 4 ). We focus on firms having more than 10 market price-volatility cojumps and omit jumps larger than six times its standard deviation. This shrinks the number of firms to 230. For this sample, market upward jumps and contemporaneous volatility jumps (see row 3 of Table 4 ) display a significant DLE for 89% of the firms. The median DLE estimate across all firms for a single price-volatility cojump is 2.88. The median correlation between positive market jumps and volatility jumps is 0.32. Downward market jumps (see row 6 of Table 4 ) exhibit a significant downward sloping relation for 85% of the firms. The median DLE estimate for a single price-volatility cojump is -2.02 with a corresponding correlation of -0.31. A comparison of rows 3 to 4 and 6 to 7 of Table 4 shows that market jumps are usually more strongly correlated with contemporaneous volatility jumps than are idiosyncratic price jumps. Market jumps show a stronger conditional DLE than do idiosyncratic jumps because market events coincide with large price and volatility cojumps. This allows us to conclude that the tail DLE is particularly strong.
In contrast to market jumps, idiosyncratic jumps are smaller, coming more from the center of the jump distributions, and display a weaker DLE. Rows 4 and 7 of Table 4 indicate that about 66% of the stocks have a significant DLE for idiosyncratic jumps.
All in all, two forces prevent an unconditionally negative DLE: First, the sign of the pricevolatility cojump depends on the sign of the price jump. That is, positive (negative) price jumps are positively (negatively) correlated with contemporaneous volatility jumps. Second, the DLE is stronger for market price jumps and more often nonsignificant for idiosyncratic price jumps.
The positive (negative) correlation between upward (downward) price jumps and contemporaneous volatility jumps might explain why Jacod et al. (2017) find no significant, unconditional correlation between price and volatility jumps, while Todorov and Tauchen (2011) report a strong positive relation between squared price jumps and jumps in volatility. Our results indicate that one would expect a positive unconditional DLE between squared price jumps and volatility. The weaker relation between idiosyncratic price jumps and volatility jumps relates to Yu (2012) , who model a time-varying leverage effect in a (semi)parametric stochastic volatility model where the time-variation is associated with the size of returns. By conditioning on positive and negative price jumps, we focus on Yu's positive and negative extreme states. Our analysis indicates that it is important to distinguish market jumps and idiosyncratic jumps, which roughly implies distinguishing the tail from the rest of the price-jump distribution.
Drivers of the discontinuous leverage
This subsection investigates several variables that might drive the cross-sectional variation in the DLE. A prime candidate for such a causal factor is a firm's debt-to-equity ratio.
This explanatory variable is due to the original interpretation of the continuous leverage effect as stemming from the levered nature of equity. The original interpretation of the leverage effect is that a lower stock price will increase the debt-to-equity ratio and make the stock price more volatile. Therefore, we investigate a firm's debt-to-equity ratio as a cross-sectional driver of the DLE.
We regress the DLE and correlation estimates for market upward and downward price jumps on firms' debt-to-equity ratios and the volatility levels.
11 We treat the positive and negative DLEs and correlations in separate regressions as an empirical matter because a given firm usually has asymmetric positive and negative DLEs. Following the asset pricing literature, we include common firm characteristics, such as firm size, the book-to-market ratio, the book value of equity, profit, the cash-income ratio, the price-earnings ratio, and a liquidity measure (number of trades) to control for other influences. Compustat provides firm characteristics; we average characteristics and trades over the 2010-2015 sample before using them in the cross-sectional regression. The first two rows in Table 5 show the debt-to-equity ratio does not significantly influence the cross-sectional variation in the DLE estimates. However, row 4 of Table 5 shows that firms with a higher debt-to-equity ratio have a significantly stronger correlation of negative market-wide price-volatility cojumps. An increase in the debt-to-equity ratio of 10 percentage points decreases the negative correlation of price and volatility cojumps by 0.04. This is consistent with the traditional interpretation of the leverage effect.
In contrast to the debt-to-equity ratio, the regressions show that the level of integrated volatility consistently explains the cross-sectional variation in DLE estimates across specifications. Firms with higher integrated volatility have a larger DLE (in absolute terms). This finding is consistent with the idea that systematic risk is not diversifiable. It implies that firms that respond more strongly to systematic risk, i.e. market jumps, tend to have higher volatility levels, hence are more risky. In contrast to the DLE estimates, the price-volatility cojump correlations decrease in absolute terms with the level of volatility. 12 A relatively high level of volatility results in a more dispersed relation between price jumps and contemporaneous volatility jumps. This result seems to contradict the idea that the debt-to-equity ratio should have a positive relation with the volatility level, see Bandi and Renò (2012) for example, and once more indicates the different natures of the continuous and discontinuous leverage.
Conclusion
This paper makes both methodological and empirical contributions to the literature on contemporaneous price and volatility jumps. We propose a nonparametric estimator of the discontinuous leverage effect (DLE) in high-frequency data that is robust to the presence of market microstructure noise. The new estimator allows us to study transactions data from the order book without down-sampling to a lower, regular observation frequency. For DLE estimation, we develop an efficient jump estimator for unknown jump times. We document 12 The sign of the coefficient on the volatility regressor depends on whether the regressand is the covariance or the correlation. This sign reversal may occur because the correlation is the DLE scaled by the product of price-jump and volatility-jump variation and particularly the volatility-jump variation is highly positively correlated with the volatility level.
the estimator's superior asymptotic and finite sample qualities compared to a method with pre-average jump-size estimation.
Previous research has found it difficult to empirically document a DLE. Studying contemporaneous price and volatility jumps of 320 individual NASDAQ stocks from 2010 to 2015, we also find mixed and mostly insignificant, unconditional DLEs when considering all detected price and volatility cojumps. We show that the event-specific nature and distinct sources of jumps obscure the true relation between price and contemporaneous volatility jumps. We establish that a strong and significant DLE exists by conditioning on the sign of price jumps and on whether the price jumps are market or idiosyncratic jumps.
The DLE is fundamentally different than its continuous counterpart, which was studied by Kalnina and Xiu (2017) Finally, one would like to explore the cross-sectional and time series dimension of the estimated DLE in more detail. Since we discovered a significant link with the level of integrated volatility, it is natural to ask if an asset pricing framework, such as that in Cremers et al. (2015) , prices discontinuous leverage.
Appendix. Proofs
Standard localization techniques allow us to assume that there exists a constant Λ, such that
for all (ω, s, x) ∈ (Ω, R + , R); i.e., characteristics are uniformly bounded. We refer to Jacod and Protter (2012), Section 4.4.1, for a proof.
A.1. Proof of Proposition 3.1
We decompose the observations Y t (2006), we obtain the identity
The expectation and variance of noise terms are readily derived using the left-hand side of (A.1) and the fact that t n i is i.i.d. with mean zero and variance η 2 . For the signal part, we exploit the above identity and consider the right-hand side of (A.1). Considering the drift part in the pre-processed price estimates (8), we can bound the right-hand side above by
P-almost surely, with a constant K, using the fact that
We decompose the signal process, X t = t 0 b s ds + C t + J t , into its jump component, (J t ) t≥0 , and the continuous Itô semimartingale, (C t ) t≥0 . Under Assumption 2 and for r ≥ 1, we can use the estimate
to find that the jump terms in the right-hand side of (A.1) satisfy
with some r < 4/3, where we omit ∆ n l J for l = τ n + 1. Thus, the terms multiplied with n 1/4 tend to zero in probability by Markov's inequality. Because the expectations of all
In the case that t n i = i/n, Itô isometry and the smoothness of the volatility granted by (2) and (3) imply that for l = τ n + 1,
and the independence of the noise and signal terms yield the asymptotic variance,
of the rescaled statistic. The form of the variance in (9) follows from the above. Using that
and with the assumed existence of E[
4 t ], the Lyapunov criterion with fourth moments obtained from (A.1) yields, together with the above considerations, the central limit theorem (9).
Next, we prove that the convergence is stable in law. The latter is equivalent to the joint
for any continuous bounded function, g, and
with U a standard normally-distributed, random variable that is independent of G. In order to verify (A.3), consider the sequence
measurable with respect to the σ-field G 1 . The sequence of decompositions
of (C t ) t≥0 and ( t ) t≥0 are well-defined. If H n denotes the σ-field generated byC(n) t ,¯ (n) t and F 0 , then H n n is an isotonic sequence with n H n = G 1 . Since
it thus suffices that A.5) for Z being H q measurable for some q. Note that we can approximate the volatility to be constant over local intervals [τ −M n /n, τ ) and [τ, τ +M n /n]. Then, for all n ≥ q, conditional on H q , α n has a law independent ofC(n) t and¯ (n) t , such that the ordinary central limit theorem implies the claimed convergence.
A.2. Proof of Proposition 3.2
A neat decomposition of the spectral statistics into observation errors and returns of the efficient price is obtained with summation by parts
(1 + OP (1)) , (A.6) where the asymptotically negligible remainder comes from approximating
)/2) with the derivative and end-effects. The system of derivatives (Φ j,τ ) j≥1 is again orthogonal such that covariances between different spectral frequencies vanish.
First, we prove that the drift is asymptotically negligible under Assumption 1. Because
and thus
This yields that P-almost surely
which ensures that we can neglect the drift in the asymptotic analysis of (12).
Next, we analyze the variance of (12) with oracle optimal weights (13). A locally constant
under Assumption 1. Based on (A.6), using the fact that
yields the following variances of spectral statistics:
We thus obtain the conditional variance,
With δ n ≤ n −1 , l = τ n + 1, we have that
Considering further jumps on the estimation window, utilizing (A.2) yields
by the triangle inequality, decomposing |t 
Considering signal and noise terms separately, we derive for the signal terms with Jensen's inequality for weighted sums,
An analogous bound by Jensen's inequality for the noise terms implies the Lyapunov condition.
Stability of weak convergence is proved along the same lines as for Proposition 3.1 and we omit the proof. It remains to show that
whereâ 2j−1 denote the estimated oracle weights, to prove the claimed result. Using the triangle and Hölder's inequalities, we can bound the right-hand side of (A.7) by
In order to analyze the magnitude of the error of pre-estimating the weights, â 2j−1 −a 2j−1 2 , we interpret (13) 
for the right-hand side of (A.7) with generic constant K and bounds δ n (σ 
A.3. Proof of Proposition 3.3
The proof reduces to generalizing the analysis of the asymptotic variance and fourth moments for a Lyapunov condition. Consider the noise term on the right-hand side of (A.6) under R-dependent noise and for t n i = F −1 (i/n). The expectation still vanishes and the variance becomes the following:
We used the smoothness of (F −1 ) and Φ j,τ for approximations. The same Riemann sum approximation as in the equidistant observations case applies for the signal term. Using a (double-Riemann sum) integral approximation as J n → ∞, analogously as in the proof of Proposition 3.2, yields the asymptotic variance in (18). Introducing the shortcut, δ R i,v = 1 {|i−v|≤R} , we obtain the following estimates for the fourth moments:
with a remainder, R n , that satisfies for some constant C that
such that R n is asymptotically negligible. Inserting the estimate, the Lyapunov condition is ensured in the generalized setting. Under R-dependence, the convergence of the generalized variance and the generalized Lyapunov criterion imply the central limit theorem (18) and stability is proved analogously as above.
A.4. Proof of Proposition 3.5
Suppose that τ ∈ ((k − 1)h n , kh n ) and we run the procedure from (28) to find a subinterval that contains the jump. The variances of the statistics
. . , R n , defined as in (7) with M n replaced by (r n + l n )/2, are readily obtained from (A.1) and given by
In particular, for r n + l n = O( √ n), remainders in the proof of Proposition 3.1 become even smaller and the noise term prevails in the variance, such that, for all i,
with C t the continuous semimartingale part of X t . Since, under Assumption 3, covariances
are negligible, we deduce joint weak convergence to i.i.d. Gaussian limit random variables.
Similarly as in Lee and Mykland (2012) , using basic extreme value theory, we derive that
with ξ a standard Gumbel random variable and
For (r n + l n ) ∝ n δ , δ > 0, and if the jump is not located very close to the edges between the sub-intervals, the statistic on the sub-interval with the jump tends to infinity. That is, for As long as M n > (r n + l n ) −1/2+ for some > 0, this holds true. We need to carefully consider the potential bias issue discussed at the end of Section 3.1. The probability that M n ≤ (r n + l n ) −1/2+ translates to the probability that a jump is located in some small (in n decreasing) vicinity of the block edges. Using that jump times are locally uniformly distributed, we obtain that
rn+ln n ≤ (r n + l n ) 1 2 + n = P U ∈ (0, 2(r n + l n ) −1/2+ ) = O (r n + l n ) −1/2+ , with U a random variable uniformly distributed on [0, 1] and using the symmetry. Apparently, the probability converges to zero for sufficiently small. This implies that, for any such choice of R n and r n + l n , the procedure asymptotically almost surely detects the sub-interval which contains the jump.
Assigning jump times to a bin by thresholding induces a negligible error. This is proved analogously as in the proof of Proposition 3.6 in the next paragraph.
Cutting out noisy prices in the window (t We conclude the result with Proposition 3.3.
A.5. Proof of Propositions 3.6 and 3.7
Denoting the finitely many stopping times with |∆X τ k | > a, as τ 1 , . . . , τ N , (24) We can restrict to the subsetΩ n , since P(Ω n ) → 1 as n → ∞. We infer the jump times The restriction toΩ n ensures that the considered jumps cannot occur on neighboring bins. The contribution with the cosine term is byS 2 jk when τ i ∈ ((k − 1)h n , (k − 1/2)h n ) and bỹ S 2 j(k+1) when τ i ∈ ((k − 1/2)h n , kh n ). When τ i = (k − 1/2)h n , the cosine vanishes. Since the Lévy measure does not have an atom in a, it thus holds that, for some fixed > 0,
Using Chebyshev's inequality, we derive that For k ∈ K , neighboring a bin with k ± 1 ∈ K, it holds asymptotically almost surely that 
Thereby we obtain that 
A.6. Proof of Corollary 3.8
According to the proof of Propositions 3.6 and 3.7, the identification of bins with (large) jumps only induces an asymptotically negligible error. We are thus left to consider . From (A.12), we adopt that
In the estimation of the discontinuous leverage, the estimation error of (∆σ
